





















Bézier  Polynomials  over  Triangles  
and the Construct ion of  Piecewise 






































Bézier polynomials and their generalization to tensor-product  
surfaces provide a useful tool in surface design (Bézier 1970, 1977;  
Forrest 1972). They were developed as early as 1959 by de Casteljau  
at Citroën but owe their name to P. Bézier from Renault who was first   
to employ them in car body design in the late sixties.  
 
De Casteljau 1959 also describes triangular patches, but these  
scarcely received any attention until  Sabin 1977. Farin 1979 generalizes  
and extends results obtained by de Casteljau and Sabin, sharing their  
restrictions to domains that consist of congruent triangles only. 
 
The present paper restates some of the results of Farin 1979, including  
a short outline of the univariate case, and then generalizes them to  
Bezier polynomials defined over arbitrary triangles; formulas describing 
  continuity of adjacent triangular patches are provided. 
rC
 
The last two sections give applications of the theory:  the   
1C
Clough-Tocher scheme is generalized to the  case and a formula for  
2C








I  U n i v a r i a t e  B é z i e r  P o l y n o m i a l s  
 
 
1 .   D e f i n i t i o n  
 
 









iin (t)Bb(t)][B(1)  
 
 









a n d   i s  t h e  p i e c e w i s e  l i n e a r  f u n c t i o n  j o i n i n g  t h e  p o i n t s  φ
φ≤≤ .ni0;)( ib,ni  is called the Bézier polygon associated with  ; )*inB φ
t h e   a r e  c a l l e d  ib B é z i e r  o r d i n a t e s  o f  .nB φ  
 
















* )    In  c lass ica l  approximat ion  theory ,  φnB  i s  ca l led  the  "Berns te in  
approximant" to φ  (Davis 1975) the graph of ,1t0,nB ≤≤φ  l i e s  i n  t h e  
convex  hul l  o f  the  graph  of  φ .  (Béz ier  1970,  Béz ier  1976,  For res t  1970) .  
 
3 .  




E v e r y  p o l y n o m i a l  o f  d e g r e e  n  c a n  b e  w r i t t e n  a s  a  p o l y n o m i a l  o f  
d e g r e e  n + 1  ;  l e t   b e  a  p o l y g o n  j o i n i n g  p o i n t s  φE ( ) .1ni0,*ib,1ni +≤≤+  I f  
 
) )( ( ,1ni0,b1bb)5( i1n i1i1n i1n i*i +≤≤−+=φ= +−++  
 
i t  i s  e a s y  t o  s h o w  t h a t  
 
φ=φ + EBB)6( 1nn  
 
3 .  D e r i v a t i v e s  
 
 












rd )t(Bb)t(]B[r)7(  
 













rd b)1(]B[r)b8( −− Δ=φ  
 
i . e .   t h e  r - t h  d e r i v a t i v e  a t  a n  e n d p o i n t  d e p e n d s  o n l y  o n  t h e  ( r + 1 )  
a d j a c e n t   B é z i e r   o r d i n a t e s .  
 
We  a l s o  n o t e  t h a t  f o r  ]b,a[ζε  i n s t e ad  o f  ,]1,0[tε  ( 7 )  b e c o me s  
 


















4 .  Recu r s ive  A lgo r i t hm (de  Cas t e l j au  1959 )  
 
 


















iBwith( ><=  
 
( 1 0 )   a l l o w s  t o  e x p a n d   i n  t e r m s  o f  B e r n s t e i n  p o l y n o m i a l s  o f  l o w e r  φnB










in ,nr0,)t(B)t(b)t(]B[)11(  










       .b)t(b ii
o =
 
S i n c e  
 
 
,)t(n0b)t(]nB[)13( =φ  
  
( 1 2 )  p r o v i d e s  a n  e a s y  a n d  s t a b l e  a l g o r i t h m  f o r  t h e  n u m e r i c a l  









F ig .   1  cons t ruc t ion  o f   )(]3B[ 21φ  






















F o r  r = 1 ,  ( 1 5 )  s t a t e s  t h a t  )t(1nob
−  a n d  )t(1n1b
−  d e t e r m i n e  t h e  t a n g e n t  t o  
)t(]nB[ φ  and ,  fo r   r=2 ,  tha t  )t(2n0b
−
 ,   )t(2n1b
−  ,   )t(2n2b
−  de te rmine  the  
oscu la t ing  pa rabo la .  

6.  
 ytiunitnoCC.5 r −
 
S u p p o s e  w e  a r e  g i v e n  a  B é z i e r  p o l y g o n  φ  w i t h  B é z i e r  o r d i n a t e s    ib
o v e r   W e  s e e k  a  B é z i e r  p o l y g o n  .]1,0[tε ψ  w i t h  B é z i e r  o r d i n a t e s    iC
o v e r  ]2,1[ζε  s u c h  t h a t  t h e  t w o  p o l y n o m i a l s  d e f i n e d  b y   a n d  φ ψ  f o r m  
a  f u n c t i o n  i n   F r o m  ( 8 a )  a n d  ( 8 b )  w e  g e t  t h e  c o n d i t i o n s  .]2,0[rC
 
.r0;oc
nb)16( ≤ρ≤ρΔ=ρ−ρΔ  
 
( 1 6 )  i m p l i e s  t h a t ,  f o r  f i x e d  ρ ,  t h e  B é z i e r  p o l y n o m i a l s  d e f i n e d  b y  
ρ+ρ−ρ− c,...,1c,ocandnb,...,1nb,nb  c o i n c i d e  s i n c e  a l l  t h e i r  
d e r i v a t i v e s  c o i n c i d e  a t  t = l  r e s p . .0=ς  
 










iin .)1(Bc)t(Bb  









iin .)1(Bc)2(Bb  
 






+ρ−ρ ∑  






W e  c a n  d e f i n e  t h e  s e c o n d  B é z i e r  p o l y n o m i a l  o v e r   i n s t e a d  ],1[ β
o f  [ 1 , 2 ] ;  i n  t h i s  c a s e ,  ( 1 8 )  b e c o m e s  
 
.)β(ρ ρnbρc(19) −=  
 
 
T h u s  w e  h a v e  a  c o n d i t i o n  f o r  c o n t i n u i t y  g i v e n  b y  ( 1 6 )  a n d  a  −rC
c o n s t r u c t i o n  g i v e n  b y  ( 1 7 ) ,  N o t e  t h a t  f i g .  1  c a n  b e  i n t e r p r e t e d  a s  











t o  o b t a i n   c o n t i n u i t y .  W e  a l s o  n o t e  t h a t  t h e  t w o  c o r r e s p o n d i n g  −nC









I I   B e z i e r  P o l y n o m i a l s  o v e r  a  T r i a n g l e  
 
1 .  D e f i n i t i o n  
 
W e  c o n s i d e r  a  t r i a n g l e  T  i n  t h e  p l a n e  w i t h  v e r t i c e s   a n d  3P,2P,1P
e d g e s   i n  w h i c h  w e  a s s u m e  3e,2e,1e b a r y c e n t r i c  c o o r d i n a t e s  d e f i n e d  
s u c h  t h a t  f o r  e a c h  p o i n t  P  i n  t h e  p l a n e  
 
  3wP2vP1uPP ++=
w h e r e  
 
 ,TPallfor1w,v,u0 ε≤≤  
  ,1wvu =++




]2PP3P[u ===  
 






















S i n c e  t h e  ~)u(~i


























i ≡∑  
T h e  s u m m a t i o n  ∑n
i~
i n  ( 2 3 )  i s  s h o r t  f o r  t h e  o n e  u s e d  i n  ( 2 1 ) .  
T h e  )2n()1n(2
1 ++  p o l y n o m i a l s  
~
n
iB  f o r m  a  b a s i s  f o r  t h e  l i n e a r  s p a c e  
o f  a l l  b i v a r i a t e  p o l y n o m i a l s  o f  d e g r e e  n .  
 















i(  T h e  ~ib  a r e  c a l l e d  B é z i e r  o r d i n a t e s  o f  ;nB φ         
φ  i s  c a l l e d  t h e  B é z i e r  n e t  o f  *).Bnφ  ( 2 2 )  a n d  ( 2 3 )  i m p l y  t h a t  t h e  
g r a p h  o f   l i e s  i n  t h e  c o n v e x  h u l l  o f  t h e  g r a p h  o f  ;nB φ φ .  T h e  




W e  a l s o  n o t e  t h a t  t h e  b o u n d a r y  c u r v e s  o f  φnB  a r e  t h e  ( u n i v a r i a t e )   
B é z i e r  p o l y n o m i a l s  d e t e r m i n e d  b y  t h e  b o u n d a r y  p o i n t s  o f  φ .  
 
 
* )    T h i s  n o t a t i o n  i s  c h o s e n  t o  b e  l i k e  t h e  o n e  i n  t h e  u n i v a r i a t e   
c a s e  t o  p o i n t  o u t  t h e  s i m i l a r i t y  o f  b o t h  m e t h o d s .  N o  c o n f u s i o n  
s h o u l d  a r i s e ,  h o w e v e r ,  s i n c e  t h e  m e a n i n g  o f  φnB ,  φ ,  e t c .  w i l l  





































2 .  Deg ree  e l eva t i on  
E v e r y  b i v a r i a t e  p o l y n o m i a l  o f  d e g r e e  n  c a n  b e  w r i t t e n  a s  a  p o l y n o m i a l  





i( +++  






1(*~ib)25( ++++=⋅−=  +
   ,1nkji;1k,j,ib1n
k +=+++++  
 
i t  i s  e a s y  t o  s h o w  t h a t  
 .E1nBnB)26( φ+=φ
T h i s  i s  i l l u s t r a t e d  i n  f i g .  4  a n d  t h e  f o l l o w i n g  e x a m p l e .  
 
 
E x a m p l e  1 :    T h e  f o l l o w i n g  t w o  B é z i e r  n e t s  d e t e r m i n e  t h e  s a m e  
p o l y n o m i a l :  
 
3 .  D e r i v a t i v e s
L e t  )s(~u~u =  b e  t h e  e q u a t i o n  o f  a  s t r a i g h t  l i n e  i n  t e r m s  o f  t h e  
b a r y c e n t r i c  c o o r d i n a t e s  o f  T ,  e . g .   w i t h  t w o  p o i n t s  1~us0~u)s1()s(~u +−=
.1~u,0~u  

1 1 .  
 
 




r >=  
 ( h e r e ,  ~0  =  ( 0 , 0 , 0 ) ) .  




S i n c e  u  +  v  +  w  =  1  w e  h a v e   .0wvu =⋅+⋅+⋅
T h e  t e r m   d e f i n e s  a  d i r e c t i o n  w i t h  r e s p e c t  t o  w h i c h  w e  c a n  t a k e  ⋅~u









F o r  t h e  B e r n s t e i n  p o l y n o mi a l s  n
~i
B w e  g e t  
























of  the  a rguments  does  no t  equa l  1 .    (b )   For  ~,~i λ  t ha t  do  no t  sa t i s fy  
 ( c o m p o n e n t w i s e ) ,  w e  s e t  .0)~u(
rn
~~i
B =− λ−  ~0~~i ≥λ−
P r o o f
i )    F o r  t r i p l e  p r o d u c t s  o f  f u n c t i o n s  o f  o n e  v a r i a b l e  s  t h e  
L e i b n i z  f o r m u l a  










































1 2  
 
i i )  B e c a u s e  o f  t h e  l i n e a r i t y  o f  u ( s ) ,  v ( s ) ,  w ( s )  r e p e a t e d  


























T h i s  i m p l i e s  
T h e o r e m  2 :    T h e  r - t h  d i r e c t i o n a l  d e r i v a t i v e  w r t   o f  a  B é z i e r  ⋅~u
p o l y n o m i a l   o v e r  T  i s  g i v e n  b y  φnB
 
















~~~ )u(B)u(Bb)u(]B[D)29(  



















~ ∑ ∑ −+⋅−=φ⋅  
4 .     R e c u r s i v e  A l g o r i t h m  ( d e  C a s t e l j a u  1 9 5 9 )
L e t  u s  d e f i n e   =  ( 1 , 0 , 0 ) ,    =  ( 0 , 1 , 0 ) ,    =  ( 0 , 0 , 1 ) .  ~1a ~2a ~3a













B(31) =++− −−+−−⋅=  −+
 
















a n d  t h e  r e c u r s i o n  f o r m u l a  f o r  b i n o m i a l  c o e f f i c i e n t s .
 
1 3  
 
 
T h i s  l e m m a  a l l o w s  t o  e x p a n d  φnB  i n  t e r m s  o f  B e r n s t e i n  p o l y n o m i a l s  o f  
















≤≤=φ ∑ −  





























P r o o f  i s  b y  i n d u c t i o n  o n  r .  ( 3 2 )  i s  t r u e  f o r  r  =  0 .  
 
I n d u c t i o n :  





















































=φ   
( 3 3 )  p r o v i d e s  a n  a l g o r i t h m  f o r  t h e  e v a l u a t i o n  o f  .)u(][B ~n φ  T h i s  i s  
i l l u s t r a t e d  i n  f i g u r e  5 .  
 

1 4 .  
 
F i g u r e  5 :  C o n s t r u c t i o n  f o r  [ φ3B ] ( 41,41,21 )  



















T o  p r o v e  t h i s  o n e  c h e c k s  t h a t  ( 3 4 )  i s  c o n s i s t e n t  w i t h  t h e  r e c u r s i v e  
d e f i n i t i o n  ( 3 3 )  o f  t h e   .)~u(~i
rb
 























H e n c e  t o  t a k e  t h e  r t h  ( d i r e c t i o n a l )  d e r i v a t i v e  o f   ,  w e  f i r s t  nB
p e r f o r m  n - r  s t e p s  o f  t h e  e v a l u a t i o n  a l g o r i t h m  ( 3 3 )  t o  o b t a i n  t h e   
~
rnbλ− ~)u(  a n d  t h e n  e v a l u a t e  t h e  B e z i e r  p o l y n o m i a l  ( 3 5 )  u s i n g  t h e  s a m e  
a l g o r i t h m ,  b u t  n o w  w i t h  w e i g h t s  i n s t e a d  o f  u ,  v ,  w .  F o r   .w,.v,.u
)35(.,1r =  m e a n s  t h a t  t h e  )~u(1n~i
b −  d e t e r m i n e  t h e  t a n g e n t  p l a n e  t o  
)~u(]nB[ φ -  f o r  r  =  2  w e  s e e  t h a t  t h e  o s c u l a t i n g  p a r a b o l o i d  i s  




A n o t h e r  p o s s i b i l i t y  t o  c o m p u t e  n~.u













D)36( ∑− −⋅−=φ⋅  
w h i c h  i s  p r o v e d  f r o m  ( 2 9 )  ( F a r i n  1 9 7 9 ) .  W e  h a v e  t h u s  a  s e c o n d  m e t h o d  




a l g o r i t h m  ( 3 3 )  w i t h  w e i g h t s  t o  o b t a i n  t h e  ,  t h e n  ⋅⋅⋅ w,v,u )u(rib
e v a l u a t e  t h e  B é z i e r  p o l y n o m i a l  ( 3 6 )  u s i n g  ( 3 3 )  w i t h  w e i g h t s  u ,  v ,  w .  
A c t u a l l y ,  o n e  c a n  s w i t c h  f r o m  o n e  m e t h o d  t o  t h e  o t h e r  a t  e a c h  
s t e p .  *  
 
L e t  u s  n o w  e v a l u a t e  d e r i v a t i v e s  a c r o s s  a  b o u n d a r y  o f  T ,  s a y  ,3e
t h i s  i m p l i e s  w  =  0 .  F r o m  ( 3 6 )  w e  s e e  t h a t  t h e  r t h  d e r i v a t i v e  o f  
 i s  a  B é z i e r  p o l y n o m i a l  o f  d e g r e e  n - r  w i t h  B é z i e r  o r d i n a t e s  φnB
.)~u(b~i
r O n  t h e  b o u n d a r y   t h i s  B é z i e r  p o l y n o m i a l  w i l l  o n l y  d e p e n d  ,3e
o n  t h o s e  )~u(b ~i
r  f o r  w h i c h  k  =  0 .  
 
T h e r e f o r e  3e]B[~
.D |nur φ  d e p e n d s  o n l y  o n  t h e  r  +  1  p a r a l l e l s  ( o f  
B é z i e r  o r d i n a t e s )  t o   .e3
 
N o t e  a l s o  t h a t  3e]B[~
D |nur φ&  i s  a n  ( n - r ) t h  d e g r e e  u n i v a r i a t e  p o l y n o m i a l  













= ∑φ &&  









   
*  T h e  r e l a t i o n s h i p  o f  t h i s  s t a t e m e n t  w i t h  t h e  u n i v a r i a t e  c a s e  
b e c o m e s  c l e a r  i f  w e  v i e w  t e r m s  i n  ~
.u a s  g e n e r a l i z a t i o n s  o f  t h e  
d i f f e r e n c e  o p e r a t o r  .Δ
 
1 6 .  
 
 
   I I I    C o m p o s i t e  S u r f a c e s  
 
1 .  C r  - C o n t i n u i t y  b e t w e e n  a d j a c e n t  t r i a n g l e s  
L e t  a  B é z i e r  p o l y n o m i a l   b e  d e f i n e d  o v e r  a  t r i a n g l e   1nB φ .3P2P1P1T =
L e t  a  s e c o n d  t r i a n g l e   w i t h  2P4P1P2T =
3020v104 PwPPuP += +  
b e  g i v e n .  W e  s e e k  a  B é z i e r  p o l y n o m i a l  2nB φ  d e f i n e d  o v e r   t h a t  h a s  2T
C
r
 - c o n t i n u i t y  w i t h   a l o n g  t h e  c o m m o n  e d g e  1nB φ .2P1P  
 
L e t  t h e  b a r y c e n t r i c  c o o r d i n a t e s  i n   b e  iT ~ ,iu  i  =  1 , 2 .  T h e n  t h e r e  




~ 2~ 12~ A.uu,A.uu)38( ==  
w i t h  a  n o n s i n g u l a r  m a t r i x  A  s u c h  t h a t  
  ~ A.a~a,~ A.a~a,~ A.u~a 132201 ===  































Let the Bézier ordinates of ,nB φ  be ~,ib  those of φnB  be .~ic  
 
T h e  r t h  c r o s s - b o u n d a r y  d e r i v a t i v e  w i t h  r e s p e c t  t o  s o m e  d i r e c t i o n  
1~
.u ( r e s p .  2~
.u )  o f   i s  d e t e r m i n e d  b y  t h e  ( r + 1 )  r o w s  o f  B e z i e r  iBnφ
o r d i n a t e s  i n   p a r a l l e l  t o  t h e  e d g e  eiT 3 .  T h e  n e x t  t h e o r e m  g i v e s   
a  s i m p l e  m e t h o d  t o  c o m p u t e  t h e  r e l e v a n t  
~i




T h e o r e m  5 :  W i t h  t h e  a b o v e  n o t a t i o n s  1nB φ  a n d  2nB φ  h a v e  - c o n t i n u i t y  rC
a l o n g  e 3  i f  a n d  o n l y  i f  
;)o~u(bjn,j,)39( 0,j,jn





E x a m p l e  2 : F o r  r  =  1 ,  ( 3 9 )  b e c o m e s  f o r  ρ  =  0 :  
nj0,;bc 0,j,jnjn,j,0 ≤≤= −−  
and for ρ  = 1: 
 1nj0)o~u(bc 0,j,j1n
1
j1n,j,1 −≤≤= −−−−  
 .bwbvbu 1,j,j1n00,1j,j1n00,j,jn0 −−+−−− ++=  
T h e  f i r s t  e q u a t i o n  e n s u r e s  t h a t  1nB φ  a n d  2nB φ  h a v e  a  c o m m o n  b o u n d a r y  
c u r v e .  T h e  s e c o n d  e q u a t i o n  s t a t e s  t h a t  e v e r y  s h a d e d  q u a d r i l a t e r i a l  
i n  f i g ,  7  i s  p l a n e .  ( F i g u r e  7  s h o w s  t h e  p r o j e c t i o n  i n t o  t h e  p l a n e  
o n l y ) .  
 
Proof of theorem 5: 
L e t  1~i  b e  o f  t h e  f o r m  ( 0 ,  j ,  k )  a n d  3~i  o f  t h e  f o r m  ( i ,  j ,  0 ) .  ( 3 7 )  g i v e s  






















Comparison of  coeff icients  yields   
(40) ;).Au(c)~
.u(b 1~i1~i 13






T h e  t e r m  )~
.u(b 1~i 3
ρ  c a n  b e  v i e w e d  a s  t h e  ρ - t h  d i r e c t i o n a l  d e r i v a t i v e  
o f  t h e  B é z i e r  p o l y n o m i a l  d e f i n e d  b y  )~u(b 1~i 3
ρ ;  t h e  s a m e  i s  t r u e  f o r  
).Au(c 1~i 1
ρ .  T h e s e  t w o  p o l y n o m i a l s  c o i n c i d e  i n  t h e i r  d e r i v a t i v e s  u p  t o  
o r d e r  :  h e n c e  t h e y  a r e  e q u a l :  ρ
 ;).Au(c)~u(b 1~i1~i 13





 .  
T h i s  i s  t r u e  f o r  a l l  1~u ,  e . g .  a l s o  f o r  01 ~u~u = :  
 )~Au(c)~u(b 01~i03~i
ρρ =  
  )0,0,1(c 1~i





   jn,j,c −ρ−ρ=
 
E x a m p l e  3 :  C o n s i d e r  t h e  t w o  t r i a n g l e s  b e l o w .  L e t  P 2  b e  t h e  
c e n t r o i d  o f  P 1 ,  P 4 ,  P 3 ,  s u c h  t h a t  
 P4 ,  = 3P2  –  P1– P3 .  
        
 





Let  be defined over T1φ 1 by the Bézier ordinates 
 






We seek  ,  def ined  over  T2φ 2 ,  such  tha t  B 3 1φ  and  B 3 2φ  have  common f i r s t  
a n d  s e c o n d  c r o s s - b o u n d a r y  d e r i v a t i v e s  a l o n g  21 P,P .  
T h e o r e m 5  s u g g e s t s  t h e  f o l l o w i n g  c o n s t r u c t i o n  o f  t h e  B é z i e r  o r d i n a t e s  
~i
c of   :  2φ
 
Step 1:  
 
  ).1,3,1(bc 0,j,j2
1
j2,j,1 −−= −−
The  s cheme  o f  t he  ~i
1b i s  g iven  by  
 





and hence the underlined numbers are the desired  .c j2,j,1 −
 
Step 2:  
 




The scheme of the 
~i
2b is given by 
   
     7  
      27       13
 








Example 4:  Suppose we are given 1φ  and 2φ  from the previous 
example and want to verify that the two corresponding Bézier   
polynomials join in C2.   This is easily accomplished by means of 
(40):  Choosing 1~





.u 121 −−==−−=  
 The C1 condition becomes (for j  = O, 1, 2) 
 
(41) 1,j,j1njn,j,o0,j,jn0,1j,j1n bcbb3 −−−−+−− ++=  
 
and for the C2 condition we get (for j  =0,1) 
 
2,j,j2n1,1j,j2n1,j,j1n bb3b −−+−−−− +−  
(42)  





2 .    Degrees of  Freedom
 
 
Theorem 5 enables us to construct a 2nB φ  that joins a given  in 1nB φ
rC .  There are rn − *) Bezier ordinates in 2φ  that we can specify 
arbitrarily, the remaining ones being fixed by -continuity.  Since rC
we could specify all  1n +  Bézier ordinates of 1φ  arbitrarily, the 
piecewise surface given by 1nB φ  and 2nB φ  has rn1n −++  degrees 
of freedom (d.o.f 's).  
 
 
This construction may be repeated, thus adding rn −  d.o.f 's for each 
new . φnB
 
We may eventually encounter a situation where a new φnB  cannot be 
added in this fashion because two of its edges are shared by  
previously constructed Bézier polynomials.    One can in fact easily 
give examples where such a construction must fail .    It  is always 
possible, however, to add two Bézier polynomials simultaneously as is 
shown in figure 8.   Our problem is now to determine how many Bézier 
ordinates in these two triangles can be arbitrarily specified; we       
call  this number of degrees of freedom ρ(n,r).  
 























The method used for the proof is i l lustrated in example 5:  search 
every quadrilateral of "side length" r + 1 responsible for  for    rC
the number of d.o.f. 's i t  offers, proceeding from left (close to 
predetermined points) to right.    A more detailed description of this 
procedure is given in Farin 1979. 
 
 
Remark:   The two vertices shared with previously determined 
po1ynomia1s must not form a straight 1ine. 
 
 
Example 5.  (see Fig. 8 and the C1 conditions in Fig. 7).  
Let the "•" be determined by C1, then "■" is fixed because the 
quadrilateral  must be plane (this justifies the above remark).  
We can specify the " "  arbi t rar i ly;  together  with "■" ,  they wil l  
determine "O" .    Hence,  ρ(3, l )  = 2.  
 
Consider a triangle T that is subdivided into three subtriangles Ti  
by its centroid (see Fig. 9).    Define nrτ  to be the linear space of 
n-th degree polynomials defined over each Ti and joining in .  rC
Its dimension is given by 
 
(44)   dim  )r,n(ρ1nnr ++=τ  
 













Proof:     Combining (44)  with (43) ,  we get  
   .  n
ndimn 1ndim τ=−τ
 
(45)  fol lows s ince   i s  a  subspace of  n
1n −τ . 
 
 
A s imple consequence is  
 
Corol lary 8:     Every element  of  nrτ  has  cont inuous der ivat ives  of  
order  O,  1  ,  .  .  .  ,  r+1 at  the centroid of  T.  
 
Proof:      An element  of  nrτ  contains  a  subtr iangle  that  can be 
considered an element  of  1rr +τ .    This  subtr iangle  is  responsible  
for  the der ivat ives  at  the cet i t roid,  and an appl icat ion of  Theore  
7  completes  the proof .  
 
 
IV    Interpo1ation in nrτ  ` . 
 







j,ikQ ++−++=  
 m = n -  2r  –  1 .  
 
Let Drf(Pi);  i  = 1,2,3;  denote all  r+1 partials of order 0,1,. . .  
of f at Pi;   we shall always require that the three  be )P(fD i
r
consistent with each other (this is trivially the case if 2r < n) 
Let i~
.u  denote a direction not parallel to the edge  .PP 1ii +
 





Our interpolation problem will  be: 
Find an element f in nrτ  that assumes the followi 
 

















The solution to the interpolation problem given by (V1) and (E1) 
for  is known as the 31τ C1 clough-Tocher scheme (Strang/Fix 1973). 
 
 
This solution can easily be constructed using Bézier polynomials; 
i t  consists of three steps, see also fig. 9. 
 
  Fig.  9;    Constructing the C1 solution. 
 
1 .    The Bézier  ordinates  "•"  are  given by (V1) ;   the  "■"  s tem 
from (E1) .  
2 .    C1  across  the inter ior  ver t ices  determines the "o" ,  cf .  (41)  
 
3 .    C1  a t  the centro id  determines " ":   i t  has  to  be the centroid 
of  the "o" .  





i n t e r p o l a n t .    M o r e o v e r ,  C o r o l l a r y  8  i m p l i e s  t h a t  i t  h a s  ( t h o u g h  
c o n s t r u c t e d  i n   c o n t e x t )  c o n t i n u o u s  s e c o n d  d e r i v a t i v e s  a t  t h e  1C
c e n t r o i d .    T h i s  i n t e r p o l a t i o n  s c h e m e  h a s  c u b i c  p r e c i s i o n .  
 
T h e  a b o v e  c a s e  r  =  1  c a n n o t  b e  g e n e r a l i z e d :  
 
 
  T h e o r e m  9 :        T h e  i n t e r p o l a t i o n  p r o b l e m  f o r   g i v e n  b y  rnτ )rV(  
a n d  )rE(  i s  o v e r d e t e r m i n e d  f o r  .2rn,2r +≥≥  
 
P r o o f :     I n  f i g .  1 0 ,  l e t  " ● "  d e n o t e  B e z i e r  o r d i n a t e s  d e t e r m i n e d  




 F i g u r e  1 0 :     I n c o m p a t i b i l i t y  i n  i n t e r p o l a t i o n  p r o b l e m .  
 
 
T h e  " f a t  b u t t e r f l y "  -  w h i c h  i s  r e s p o n s i b l e  f o r   c o n t i n u i t y ,  s e e  2C
( 4 2 )  -  i s  d e t e r m i n e d  b y  s i x  i n d e p e n d e n t  p i e c e s  o f  i n f o r m a t i o n ,  f i v e  
o f  w h i c h  a r e  a l r e a d y  f i x e d ;   i . e .  o n e  o f  t h e  t w o  B é z i e r  o r d i n a t e s  " □ "  
d e t e r m i n e s  t h e  b u t t e r f l y  c o m p l e t e l y  ( b y  e q u a t i o n s  ( 4 2 )  a n d  ( 4 1 ) .  
S i n c e  )rE(  p r e s c r i b e s  b o t h  o f  t h e m  a r b i t r a r i l y ,  t h e  p r o b l e m  i s  
o v e r d e t e r m i n e d .  
 
26 .  
2 .  26inionInterpolat
2C τ  
 
Theo rem 9  sugges t s  t o  cons ide r  t he  fo l l owing  C
2
- in t e rpo l a t i on  
p rob l em:  
 
Find an element in  that satisfies (Er6τ 2) and    .  )'3V(
 
3'V demands  t ha t  t h i rd  de r i va t i ve s  pa r a l l e l  t o  edges  a r e  o rgan i zed  
a s  t o  de t e rmine  s even  ( i n s t ead  o f  e i gh t )  Béz i e r  o rd ina t e s  pe r  
bounda ry  cu rve .   Th i s  does  no t  ma in t a in  C
3
 con t i nu i t y  a t  t he  
ve r t i c e s  any  more ,  by  ( a )  r e t a in s  C
2
 con t i nu i t y  t he r e  and  (b )  
e l imina t e s  t he  i ncompa t ib i l i t y  t ha t  c aused  t he  f a i l u r e  o f  s chemes  
u s ing  (E2 )  and  (V2 ) .  
 
The  choice  of   i s  sugges ted  by  the  fo l lowing reasoning:  26τ
We want  to  be  ab le  to  so lve  the  C
2
 problem in  ad jacent  t r iangles .  
If we were working in,  say,  (defined for each triangle),  C25τ
2
 
information along the common edge and (consistent !) C
3 
information 
a t  the  cor responding  ver t ices  would  not  guarantee  C
2
 cont inui ty  
be tween  the  two  in te rpo lan t s ;   bu t  i t  i s  guaran teed  us ing   26τ
 




Since dim  = 37 and (E26τ 2) and  provide 33 constraints, we may )'3V(
spec i fy  fou r  add i t i ona l  Béz i e r  o rd ina t e s .    Aga in ,  t he  cons t ruc t i on  
o f  t he  so lu t i on  cons i s t s  o f  t h r ee  s t eps ,  s ee  F igu re  11 :  
 
Step 1:      The Bezier ordinates  and the a"*" i ,  i=l, . . . ,  15,  are 










        F i g u r e  1 1 :    C o n s t r u c t i n g  t h e  C 2  s o l u t i o n .  
 
 
Step 2:     We specify the Bezier  ordinates  s1 ,  s 2 ,  s 3  in  order  to  
determine the g i .    This  is  done by solving a  2 x 2 l inear  system 
for  each of  the "fat  but terf l ies" ,  e .g .  
(41 ' )   a1 5  + g5  + g4  = 3s3 .  
(42 ' )   a l 1  + a1 0  -  3g5  = a7  + a8   -  3g4 .  
 
These two equat ions are  readi ly  solved for  g4  and g5 .  
 
Step 3:     We specify s4  and determine the x i  by solving a  6 x 6 
l inear  sys tem,  the  f i r s t  four  equa t ions  be ing  app l ica t ions  o f  (41) ,  





The system is  
 













































and has  the solut ion 
 

















































T h e  a b o v e  c h o i c e  o f  t h e   i s  n o t  t h e  o n l y  o n e  p o s s i b l e ;  b u t  i t  is
minimizes  the  s izes  of  the  l inear  sys tems tha t  have  to  be  so lved .  
 
Corol lary 8 and the der ivat ion of  ρ (n,r)  yield 
 
 
Theorem 10    The above scheme has sext ic  precis ion.   Any interpolant  






V.  The Dimension of  n
rτ   ( i ,  b)  
 
Let  ( i ,b)  be a  s imply-connected (but  not  necessar i ly  convex)  τ
t r i angu la t ion  wi th  i  in te r io r  ve r t i ces  and  b  boundary  ver t i ces ,  
such that  the piecewise l inear)  boundary curve is  a  s imply closed 
curve.    We exclude t r iangulat ions that  contain ver t ices  whose 
s tar  is  a  convex quadri la teral  with the diagonals  drawn in.*)  
Let nrτ  (i ,  b) be the linear space of  piecewise polynomials of rC




(48)    rn)3b()r,n(ρ.i1n)b,i(n
rdim −−+++=τ  
 
 
Proof:  We use induction on the number of triangles in τ  (i ,b) 
( (i,b) consists of b+2i-2 triangles). τ
 
1 .  I f  τ  ( i ,b)  consis ts  of  one t r iangle  only,  
  .1n)3,0(n
rdim +=τ  
 
2.    Suppose (48) holds for a simply-connected subtriangulation                              
τ  ( j ,  c)  of  ( i ,b).    We add a new triangle to τ τ  ( j ,  c) ,  thus obtaining         
 (j ' ,c ') .     We have to consider two cases. τ
 



















by ρ(n,r) when two triangles are added simultaneously (see figure 8),  
q(n,r) denotes the change if only one triangle is added: 










1 .     Every s imply-connected t r iangulat ion can be constructed by 
using s teps a)  and b)  f rom the above proof .  
 
2 .     I f  an opt imizat ion procedure is  appl ied to  a  t r iangulat ion 
(Barnhi l l  1977) ,  the dimension of  the corresponding l inear  spaces 
does not  change.  
 
3 .    The above proof  can be used to  construct  a  basis  for  ( i ,b)  in  nrτ
terms of  Bezier  polynomials .  
 
4 .  For  n≥4,  r  = 1,  theorem 11 coincides  with a  resul t  obtained by 
Morgan/Scot t ,  1975.  
 
The proof of theorem 11 can easily be adapted to triangulations 
τ ' ( i ,b)  that  have a  hole ,  where the ver t ices  around the hole  are  
considered boundary ver t ices:  
 






















Corol lary 12 
 
(49)      r-n3)-(br)(n,ρ)1i(1n)b,i(n
r'dim ++++=τ  
 
Theorem 11 implies that univariate B-splines cannot be generalized : 
 
 
Theorem 13    No (i,b) can contain a non-zero element f such             n 1n −τ
that  
 
i )  f  is  ident ical ly  zero outs ide τ ( i ,b)  
i i )  f   )RIxRI(1nC −ε
 
Proof:  Suppose such an f existed. Construct a triangulation 
)3,i( ′τ  t h a t  c o n t a i n s   ( T h i s  i s  t r i v i a l l y  p o s s i b l e  s i n c e  ).b,i(τ
)b,i(τ  i s  f ini te . )  
 
i )  and i i )  imply f     Since dim ).3,i(n 1n ′τε − n1n−τ   ( i ' ,3)  = 1n + ,  we 
have (i ' ,3) = Pn
1n−τ n    (the linear space of bivariate polynomials of 
degree  n) ,  i .e .  f  is  a  (global)  polynomial        But  no non-zero ≤
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